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A B S T R A C T

This paper investigates the modeling problem of microbial fermentation suitable for model-based control design
techniques. Given the evident nonlinear and stage characteristics of microbial fermentation processes, a single
data-driven model cannot fully capture microbial growth characteristics. Therefore, we propose a multi-stage
Koopman modeling method based on physics-informed neural networks. Initially, the fuzzy C-means clustering
algorithm is employed to partition the microbial growth stages. Subsequently, the Koopman operator is
approximated through physics-informed neural networks. Utilizing the Koopman operator to map the dynamic
behavior of the microbial fermentation system into a high-dimensional linear space, and modeling each growth
stage separately in the linear space. Compared to conventional neural network methods, physics-informed
neural networks integrate the advantages of physical models and neural networks, thereby better preserving the
dynamic information of microbial growth and enhancing the model’s generalization performance. A penicillin
fermentation case study verifies the effectiveness of our proposed method.
1. Introduction

Microbial fermentation, as an important biotransformation technol-
ogy, has broad application prospects and significant economic value
in industrial production and biopharmaceutical fields [1]. Through the
metabolic activities of microbial strains under suitable environmental
conditions, various useful compounds such as biofuels, pharmaceu-
ticals, enzymes, and organic acids can be produced. However, the
complexity of microbial metabolic networks, the variability of envi-
ronmental conditions, and the various biochemical reactions during
fermentation make it difficult to ensure consistent product quality and
yield in actual production. To optimize and control the quality and
yield of fermentation products, it is necessary to develop a model that
can accurately capture the dynamic characteristics of the system to
describe the process [2]. This need poses significant challenges for
modeling fermentation processes.

Many scholars study the mechanistic characteristics of the fermenta-
tion process and model it from the perspective of microbial metabolism.
The kinetic model of the fermentation process is constructed based
on the Monod model [3] and the Michaelis–Menten equation [4],
which describe the relationship between cell-specific growth rate and
limiting substrate concentration. Bajpai and Reuss [5] established a
substrate inhibition kinetic model for penicillin fermentation based on
the Monod model, considering substrate consumption, biomass growth,
and product formation. Building on this, Goldrick et al. [6] introduced
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Raman spectroscopy equipment and considered the effects of nitro-
gen and phenylacetic acid concentrations on biomass and penicillin
yield, developing an industrial-scale simulator (IndPenSim). de Andrés-
Toro et al. [7] developed a mechanistic model for beer fermentation
based on the Monod model. Through isothermal experiments at five
different temperatures, they demonstrated that the kinetic model could
accurately fit the experimental data and predict non-isothermal experi-
mental data with high precision. Sakimoto et al. [8] used the Langmuir
adsorption equation and the Michaelis–Menten equation to establish a
kinetic model for ethanol fermentation. The model can simultaneously
predict the theoretical curves of ethanol fermentation and saccharifi-
cation hydrolysis. Despite the achievements of mechanistic modeling
in capturing the complex dynamic behavior of fermentation processes,
constructing such models requires a detailed understanding of the
underlying mechanisms. The highly nonlinear and complex nature
of microbial fermentation processes makes it challenging to develop
models that can fully describe mechanisms.

In recent years, with advancements in data acquisition and pro-
cessing technologies, data-driven modeling has gradually become an
important approach to addressing the challenges of fermentation pro-
cess modeling by directly learning the dynamic characteristics of the
system from experimental data [9]. However, while data-driven model-
ing can quickly learn the behavioral characteristics of a system, it often
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lacks a deep understanding of the underlying structure and evolution
patterns of the system. Moreover, black-box models established through
data-driven approaches are typically not suitable for model-based con-
trol and optimization studies [10]. Koopman modeling helps reveal
the fundamental dynamical characteristics of a system, providing more
interpretable models oriented towards control [11,12]. However, man-
ual selection of the Koopman operator requires a deep understanding
and expertise in the system [13]. Due to the complexity and non-
linear nature of microbial fermentation processes, manually selected
operators may not fully capture the system’s dynamic behavior, thus
affecting the accuracy and reliability of the model. The papers [14,15]
combined the flexibility of deep neural network (DNN) architectures
with the structural advantages of Koopman theory, learning Koopman
feature functions from data through deep learning. However, while the
introduction of DNN addresses the issue of Koopman operator selection,
the operators obtained through network approximation may cause
the model to lose its dynamical characteristics, reducing the model’s
robustness in predicting processes under various operating conditions.
Combining prior knowledge with data-driven models through hybrid
modeling approaches can effectively enhance the performance of data-
driven models [16,17]. Recent researches have proposed integrating
known physical information into machine learning and deep learning
techniques to develop a hybrid physically-driven dynamic modeling
framework. The framework leverages the advantages of both physi-
cal and data-driven modeling for online monitoring, prediction, and
optimization of biological processes [18,19]. Physics-Informed Neural
Networks (PINN) adopts the framework by combining mechanistic
equations with DNN to improve the dynamical characteristics of the
model, integrating the accuracy of mechanistic modeling with the
flexibility of data-driven modeling, thus enhancing the model’s pre-
diction performance and applicability [20–22]. PINN+Koopman In the
field of biological process modeling, PINN is employed to simulate
phenomena such as mass transfer and reaction kinetics in cell culture
processes. Bangi et al. [23] incorporated known derivatives of fermen-
tation process kinetics into the network to establish a hybrid model
for batch production of 𝛽-carotene using Saccharomyces cerevisiae. Cui
t al. [24] acquired the dynamic evolution model of Chinese hamster
vary (CHO) cell bioreactors from process data by integrating physical
aws (such as mass balance) with dynamic expressions of metabolic
luxes. However, the aforementioned studies mentioned above solely
ocused on utilizing physical information and did not account for the
pplicability of the model to model-based controllers. We employ PINN
o select the Koopman operator. Subsequently, a microbial fermentation
rocess model suitable for model-based controllers is established in
igh-dimensional space.

Using the Koopman method to establish a model for microbial
ermentation processes presents another challenge due to its apparent
tage characteristics. Even methods based on PINN find it difficult to
stablish a global linear model to accurately describe the dynamic
haracteristics of all stages. To better describe the process charac-
eristics of each stage, it is necessary to model each growth stage
eparately [25,26]. In cases where the microbial growth stages are
nknown, data clustering analysis methods can be used to partition
he stages based on historical process data [27]. However, due to
he highly nonlinear nature of fermentation processes, the boundaries
etween clusters used by typical clustering algorithms may not be
learly defined [28]. The Fuzzy C-Means (FCM) algorithm provides
better and more helpful method for partitioning growth stages in

ermentation processes [29]. Alfredo and Marco [30] integrated fuzzy
odeling and the FCM algorithm to establish a fuzzy model for the
on-structured non-segregated bioreactor process of ethanol production
rom glucose. [31] used FCM to partition various stages of baker’s
east fermentation process, effectively addressing the issue that tradi-
ional control methods cannot meet the practical needs of fermentation
rocess control. Therefore, in-depth research on each growth stage of

ermentation processes can significantly improve modeling accuracy
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and control effectiveness. However, previous studies have only focused
on modeling each stage, lacking guidance from physical information
and considering the model’s applicability for model-based controllers.
We combine FCM with multi-stage Koopman modeling based on PINN
to establish the microbial fermentation process model.

This paper proposes a multi-stage Koopman modeling method based
on PINN by incorporating physical information and microbial fermen-
tation stage characteristics. Firstly, the FCM algorithm is employed to
analyze historical data of the microbial fermentation process to divide
each growth stage. Subsequently, the known dynamics information of
the fermentation process is introduced into the DNN to construct the
PINN. Furthermore, the multi-stage Koopman modeling method based
on PINN is separately applied to construct stage models for each growth
stage. Finally, a penicillin case study is used to verify the effectiveness
of the proposed modeling approach. The novelty of this study can be
summarized as follows:

(1) Establishing independent Koopman models for each growth stage
ensures that the model accurately captures the dynamics of mi-
crobial growth.

(2) Introducing physical information into neural networks allows
the model to maintain high-precision predictions under differ-
ent operating conditions, enhancing the model’s robustness and
applicability.

(3) Using PINN to approximate the Koopman operator for the first
time enhances the model’s physical consistency and predictive
performance.

The remainder of this paper is organized as follows. The algo-
rithm for dividing microbial fermentation growth stages is described
in Section 2. Section 3 introduces the PINN-based multi-stage Koopman
modeling method. Section 4 presents detailed simulation results for the
penicillin case study. Finally, Section 5 summarizes this paper.

2. Microbial fermentation process growth stage division

The microbial fermentation process goes through multiple stages,
each with unique dynamic characteristics that are crucial for the ac-
curacy and predictive performance of the model. To capture the stage
characteristics accurately, Section 2.1 will detail the characteristics of
the growth stages and analyze the dynamic behavior. Subsequently,
Section 2.2 will describe in detail how the FCM algorithm is applied
to divide the fermentation process into different stages.

2.1. Growth stage characteristics

The microbial fermentation process involves a series of biochemical
reactions facilitated by specific strains of microorganisms in active
microbial cells. Typically, the bacteria usually need to go through the
growth adaptation phase, logarithmic growth phase, growth stability
phase and cell death phase. Fig. 1 shows the changes in the four
stages of bacterial concentration. During the growth adaptation phase,
microorganisms adapt to their environment, with relatively low growth
and metabolic rates. In the logarithmic growth phase, microorganisms
divide and metabolize rapidly at their maximum rate. In the growth
stability phase, the depletion of nutrients causes growth to halt and
metabolic activity to decrease. Finally, during the cell death phase,
a significant number of microorganisms die, and metabolic activity
sharply declines.

The dynamic behaviors of different stages in the microbial fermen-
tation process vary significantly. Using a single model may lead to
inaccurate descriptions of certain stage characteristics, thereby affect-
ing the overall model’s accuracy and predictive performance. Multi-
stage models can be employed to establish more adaptive sub-models
tailored to the characteristics of different stages. By modeling each
stage separately, it is possible to capture the dynamic characteristics

of each stage more accurately, thereby improving the overall model’s
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Fig. 1. Microbial growth cycle curve.

predictive performance and control precision. For example, during
the logarithmic growth phase, the model can focus on rapid growth
characteristics, while during the stable and death phases, it can better
capture equilibrium states and decline processes.

2.2. Growth stage division

In the microbial fermentation process, microorganisms produce dif-
ferent metabolites at various growth stages, and the concentration
changes of metabolites can reflect the characteristics of microorganisms
at different stages. Although the concentration variables of substrates,
biomass, and products in microbial fermentation can well reflect the
stage characteristics of the fermentation process, manually dividing
the fermentation process into different stages based on these variables
requires extensive experience and cannot be verified. Therefore, this
paper aims to use the FCM clustering algorithm to cluster sampled data
and extract stage information from concentration variables to divide
the microbial fermentation process.

The Fuzzy C-Means clustering algorithm is a clustering method
based on function optimization. It optimizes a fuzzy objective function
to determine the membership degree of each sample point to the cluster
centers, thereby determining the affiliation of the sample points [29].
This paper sets the cluster center 𝑐 to the growth stage number 𝑟.
Membership matrix 𝑈 = {𝑢𝑡𝑗}, (𝑡 = 1, 2,… , 𝑛, 𝑗 = 1, 2,… , 𝑟), 𝑢𝑡𝑗 ranges
between [0, 1], and the total sum of membership for each data point
satisfies:
𝑛
∑

𝑡=1

𝑟
∑

𝑗=1
𝑢𝑡𝑗 = 1. (1)

Calculating the membership values {𝑢𝑡𝑗}𝑘 for the 𝑘th iteration:

{𝑢𝑡𝑗}
𝑘 =

⎧

⎪

⎨

⎪

⎩

1
∑𝑟
𝑙=1

(

{𝑑𝑡𝑗 }𝑘

{𝑑𝑡𝑙}𝑘

)2∕(𝑚−1) , {𝑑𝑡𝑗}
𝑘 ≠ 0

1 , {𝑑𝑡𝑗}
𝑘 = 0

, 𝑡 = 1, 2,… , 𝑛, 𝑗 = 1, 2,… , 𝑟, (2)

where {𝑑𝑡𝑗}𝑘 represents the Euclidean distance between data 𝑥𝑡(𝑡 =
1, 2,… , 𝑛) and cluster centers {𝑐𝑗}𝑘(𝑗 = 1, 2,… , 𝑟), 𝑚 is the fuzzy
exponent (𝑚 > 1, and here 𝑚 is taken as 2).

Updating the cluster centers {𝑐𝑗}𝑘 based on {𝑢𝑡𝑗}𝑘:

{𝑐𝑗}
𝑘 =

∑𝑛
𝑡=1 {𝑢

𝑚
𝑡𝑗}

𝑘𝑔𝑖
∑𝑛
𝑡=1 {𝑢

𝑚
𝑡𝑗}

𝑘 , 𝑗 = 1, 2,… , 𝑟. (3)

Set a criterion stopping threshold 𝜗 to determine whether the cluster
centers {𝑐𝑗}𝑘 have converged to a stable value. If the difference between
he current iteration’s cluster centers and the previous iteration’s cluster
enters |{𝑐𝑗}𝑘 − 𝑐∗𝑗 | ≤ 𝜗, then the change in the cluster centers is
onsidered negligible. The algorithm stops updating and outputs {𝑐 }𝑘
𝑗
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and 𝑢𝑘𝑡𝑗 . Otherwise, update 𝑐∗𝑗 = {𝑐𝑗}𝑘, set 𝑘 = 𝑘 + 1, and perform
iterations based on Eqs. (2) and (3) until the iteration stopping criterion
is met.

3. PINN-based multi-stage Koopman modeling

The unknown nonlinear dynamics of microbial fermentation process
are given by the following equation:
𝑑𝑥 (𝑡)
𝑑𝑡

= 𝑓 (𝑥 (𝑡) , 𝑢 (𝑡)) , (4)

here 𝑥 (𝑡) ∈ 𝑅𝑛𝑥 is the object state vector, 𝑢 (𝑡) ∈ 𝑅𝑛𝑢 is the control
nput vector, 𝑛𝑥 and 𝑛𝑢 are the numbers of states and control inputs
espectively. 𝑓 is a set of unknown differential equations representing
he correlations between process states and control inputs.

The Eq. (4) describes a nonlinear system in continuous time, which
aptures the complex nonlinear biochemical process of microbial fer-
entation. However, in practical industrial processes, data collection

nd control operations are typically conducted at discrete time in-
ervals. To facilitate numerical simulation and implementation of the
odel on a computer, it is necessary to convert the continuous-time

ystem in Eq. (4) into a discrete-time form to represent the microbial
ermentation system. The process of discretizing the system (4) at
iscrete time points 𝑡𝑘 = 𝑘 ⋅ 𝛥𝑡 using the Euler method with a time
tep 𝛥𝑡 is as follows:
(

𝑡𝑘 + 𝛥𝑡
)

= 𝑥
(

𝑡𝑘
)

+ 𝛥𝑡 ⋅ 𝑓
(

𝑥
(

𝑡𝑘
)

, 𝑢
(

𝑡𝑘
))

= 𝑓𝑑
(

𝑥
(

𝑡𝑘
)

, 𝑢
(

𝑡𝑘
))

, (5)

where 𝑓𝑑 is an unknown nonlinear mapping.
In this section, we will explore how to integrate PINN with multi-

stage Koopman modeling to enhance the modeling and prediction
of microbial fermentation processes. Multi-stage Koopman modeling
captures the system’s complex dynamic features by constructing sub-
models for different stages. PINN introduces physical laws into neural
networks, effectively retaining the system’s dynamic characteristics.
Section 3.1 will cover the principles and applications of the multi-
stage Koopman model. Subsequently, Section 3.2 will detail how PINN
is incorporated into the multi-stage Koopman model, discussing how
physical information enhances the model’s accuracy and stability.

3.1. Multi-stage Koopman model

In the infinite-dimensional Hilbert space  , nonlinear systems can
be equivalently represented as linear systems through the Koopman
operator  ∶  →  [32].  is composed of real-valued observable
functions 𝜙 ∶ R𝑥 → R. Considering the stage characteristics of the
microbial fermentation process, we transform the nonlinear evolution
of the state 𝑥(𝑡𝑘) determined by 𝑓𝑑 in stage (𝑗 = 1, 2,… , 𝑟) into a linear
evolution of the observable function 𝜙𝑗 determined by 𝑗 :

(𝑗𝜙𝑗 )(𝑥
(

𝑡𝑘
)

, 𝑢
(

𝑡𝑘
)

) = 𝜙𝑗 (𝑓𝑑
(

𝑥
(

𝑡𝑘
)

, 𝑢
(

𝑡𝑘
))

, 𝑢
(

𝑡𝑘 + 𝛥𝑡
)

),
(

𝑡𝑘, 𝑡𝑘 + 𝛥𝑡
)

∈ 𝑐𝑗 , 𝑗 = 1, 2,… , 𝑟. (6)

In microbial fermentation processes, the input 𝑢(𝑡𝑘) is typically
coupled with the system state 𝑥(𝑡𝑘). Therefore, we consider the input as
part of the system state, thereby extending the state vector of system
(5) to include both input and state variables 𝜒

(

𝑡𝑘
)

=
[

𝑥
(

𝑡𝑘
)

, 𝑢
(

𝑡𝑘
)]𝑇 .

System (5) can be represented as:

𝜒
(

𝑡𝑘 + 𝛥𝑡
)

= 𝐹 (𝜒
(

𝑡𝑘
)

) ∶=
[

𝑓𝑑
(

𝑥
(

𝑡𝑘
)

, 𝑢
(

𝑡𝑘
))

𝑢
(

𝑡𝑘
)

]

, (7)

where  is a shift operator, satisfying 𝑢(𝑡𝑘 +𝛥𝑡) = 𝑢(𝑡𝑘). Eq. (6) can be
expressed as:
(

𝜅𝑗𝜙𝑗
) (

𝜒
(

𝑡𝑘
))

= 𝜙
(

𝜒
(

𝑡𝑘 + 𝛥𝑡
))

,
(

𝑡𝑘, 𝑡𝑘 + 𝛥𝑡
)

∈ 𝑐𝑗 , 𝑗 = 1, 2,… , 𝑟. (8)

Since the Koopman operator is an infinite-dimensional linear opera-
tor, analyzing and controlling systems in an infinite-dimensional space

lack practical applicability. To investigate the true ‘‘state variables’’ of
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the system, it is necessary to find an invariant subspace of the infinite-
dimensional function space that includes all system state variables.
Within this invariant subspace, the dynamic performance of the system
can be studied. Define the subspace  spanned by 𝑛𝜓 > 𝑛𝑥 linearly
ndependent basis functions

{

𝜓𝑖 ∶ R𝑛𝑥 → R
}𝑛𝜓
1 in  . For ∀𝜙̄ ∈  ,

express 𝜙̄ as a linear combination of these basis functions:

𝜙̄𝑗 =
𝑛𝜓
∑

𝑖=1
𝜆𝑖,𝑗𝜓𝑖,𝑗 , (9)

where 𝜆𝑗 =
[

𝜆1,𝑗 , 𝜆2,𝑗 ,… , 𝜆𝑛𝜓 ,𝑗
]𝑇

is a set of weight coefficients. Let

𝑗 =
[

𝜓1,𝑗 , 𝜓2,𝑗 ,… , 𝜓𝑛𝜓 ,𝑗
]𝑇

, then 𝜙̄ is expressed as:

̄𝑗 = 𝛹𝑇𝑗 𝜆𝑗 . (10)

or ∀𝜙̃ ∈ ̃ ⊂  , the finite-dimensional approximation of the Koopman
perator satisfies:

𝐾𝑗 𝜙̃𝑗
) (

𝜒
(

𝑡𝑘
))

= 𝜙̃𝑗
(

𝜒
(

𝑡𝑘 + 𝛥𝑡
))

,
(

𝑡𝑘, 𝑡𝑘 + 𝛥𝑡
)

∈ 𝑐𝑗 , 𝑗 = 1, 2,… , 𝑟, (11)

here 𝐾𝑗 ∈ R𝑛𝜓×𝑛𝜓 is the Koopman operator acting on  in stage
(𝑗 = 1, 2,… , 𝑟).

Substituting Eq. (10), we get:

𝑗𝜆
𝑇
𝑗 𝛹𝑗 (𝜒

(

𝑡𝑘
)

) = 𝜆𝑇𝑗 𝛹𝑗 (𝜒
(

𝑡𝑘 + 𝛥𝑡
)

). (12)

hen,

𝑗𝛹𝑗 (𝜒
(

𝑡𝑘
)

) = 𝛹𝑗 (𝜒
(

𝑡𝑘 + 𝛥𝑡
)

), (13)

𝛹𝑗 (𝜒
(

𝑡𝑘
)

) =
⎡

⎢

⎢

⎣

𝑥
(

𝑡𝑘
)

𝜑𝑗
(

𝜒
(

𝑡𝑘
))

𝑢
(

𝑡𝑘
)

⎤

⎥

⎥

⎦

, (14)

here 𝛹𝑗 (𝜒
(

𝑡𝑘
)

) is the observable in high-dimensional space, and
𝜑𝑗 (𝜒

(

𝑡𝑘
)

) = [𝜓𝑛𝑥+1,𝑗 (𝜒
(

𝑡𝑘
)

), 𝜓𝑛𝑥+2,𝑗 (𝜒
(

𝑡𝑘
)

) ,… , 𝜓𝑛𝑥+𝑛𝜑 ,𝑗 (𝜒
(

𝑡𝑘
)

)]⊤ is
the observed new basis function. 𝑛𝜑 is the number of variables in the
high-dimensional space.

Suppose the duration of each stage in a microbial fermentation
batch is 𝑓𝑗 (𝑗 = 1, 2,… , 𝑟), 𝑡0 = 0 ⋅ 𝛥𝑡 is the initial time, and each stage

has
𝑓𝑗
𝛥𝑡

sets of data. Observing data for all states, we obtain:

𝛹𝑎,𝑗 ∶=
[

𝛹𝑗
(

𝜒
(

𝑡0
))

, 𝛹𝑗
(

𝜒
(

𝑡1
))

,… , 𝛹𝑗
(

𝜒
(

𝑡(𝑓𝑗∕𝛥𝑡
)

−1

))]

, (15)

𝛹𝑏,𝑗 ∶=
[

𝛹𝑗
(

𝜒
(

𝑡1
))

, 𝛹𝑗
(

𝜒
(

𝑡2
))

,… , 𝛹𝑗
(

𝜒
(

𝑡𝑓𝑗∕𝛥𝑡
))]

. (16)

According to Eq. (13), we have:

𝐾𝑗𝛹𝑎,𝑗 = 𝛹𝑏,𝑗 . (17)

Then,

𝐾𝑗 = 𝛹𝑏,𝑗𝛹𝑎,𝑗
†, (18)

where 𝛹𝑎,𝑗† is the Moore–Penrose generalized inverse. Therefore, the
finite-dimensional approximation of the Koopman operator can be
represented as:

𝐾𝑗 =
[

𝐴𝜙,𝑗 𝐵𝜙,𝑗
𝐾21,𝑗 𝐾22,𝑗

]

, 𝑗 = 1, 2,… , 𝑟, (19)

where 𝐴𝜙,𝑗 ∈ R(𝑛𝑥+𝑛𝜑)×(𝑛𝑥+𝑛𝜑), 𝐵𝜙,𝑗 ∈ R(𝑛𝑥+𝑛𝜑)×𝑛𝑢 , 𝐾21,𝑗 ∈ R𝑛𝑢×(𝑛𝑥+𝑛𝜑),

𝐾22,𝑗 ∈ R𝑛𝑢×𝑛𝑢 . Let 𝑧
(

𝑡𝑘
)

=
[

𝑥
(

𝑡𝑘
)𝑇 , 𝜑𝑗

(

𝜒
(

𝑡𝑘
))𝑇

]𝑇
∈ R𝑛𝑥+𝑛𝜑 , the linear

Koopman model representation of the controlled microbial fermenta-
tion process is given by:

𝑧
(

𝑡𝑘 + 𝛥𝑡
)

= 𝐴𝜙,𝑗𝑧
(

𝑡𝑘
)

+ 𝐵𝜙,𝑗𝑢
(

𝑡𝑘
)

,
(

𝑡𝑘, 𝑡𝑘 + 𝛥𝑡
)

∈ 𝑐𝑗 , 𝑗 = 1, 2,… , 𝑟,

(20)

𝜒̂
(

𝑡𝑘 + 𝛥𝑡
)

= 𝐶𝑗𝜑𝑗
(

𝜒
(

𝑡𝑘 + 𝛥𝑡
))

, (21)

where 𝐶𝑗 ∈ R
(

𝑛𝑥+𝑛𝜑
)

×𝑛𝑥 is the mapping matrix from the high-
( )
dimensional space to the low-dimensional space, and 𝜒̂ 𝑡𝑘 + 𝛥𝑡 ∈

4 
R𝑛𝑥+𝑛𝜑 is the estimated value of the original system state and control
input at the next time.

Combining Eqs. (20) and (21), we can construct the microbial fer-
mentation system (5). However, traditional Koopman modeling meth-
ods require manual selection of basis functions (9), which is subjective
and may not accurately capture the nonlinear characteristics of the
system. Therefore, we will use PINN to learn the basis functions of
system (8) and the corresponding Koopman operator.

3.2. Physics-informed neural networks

By incorporating physical information into the neural network to
approximate the Koopman operator, the model not only improves
physical consistency but also enhances its generalization capability
and robustness in complex nonlinear systems. This ensures that the
model can accurately capture the dynamic behavior of the system while
adhering to physical laws. A schematic diagram of the PINN-based
deep Koopman network structure, as shown in Fig. 2, is designed. The
network 𝜃1,𝑗 is used to learn the basis functions 𝜑𝑗

(

𝜒
(

𝑡𝑘
))

, which
combine the original space state 𝑥(𝑡𝑘) and control input 𝑢(𝑡𝑘) at the
current time 𝑡𝑘 to construct the observation function 𝜙̄𝑗 :

𝜙̄𝑗
(

𝜒
(

𝑡𝑘
))

=
[

𝑧
(

𝑡𝑘
)𝑇 , 𝑢

(

𝑡𝑘
)𝑇

]𝑇
, 𝑡𝑘 ∈ 𝑐𝑗 , 𝑗 = 1, 2,… , 𝑟, (22)

𝑧
(

𝑡𝑘
)

=
[

𝑥
(

𝑡𝑘
)𝑇 , 𝜃1,𝑗

(

𝜒
(

𝑡𝑘
))𝑇

]𝑇
. (23)

To learn the Koopman operator 𝐾, a hidden layer without activation
functions and biases is constructed. Furthermore, after computing 𝑧(𝑡𝑘+
𝛥𝑡) according to Eq. (20), the network 𝜃2,𝑗 is used to reconstruct the
original space state 𝑥(𝑡𝑘 + 𝛥𝑡) and control input 𝑢(𝑡𝑘 + 𝛥𝑡), as shown in
Eq. (21).

By training deep neural networks using historical process data, we
can obtain 𝜃1, 𝜃2 and 𝐾𝑗 , thereby constructing a physically meaningful
multi-stage Koopman model based on the physical information neural
network, as shown in Eq. (20). To ensure the accuracy of the model,
we define the loss function of the network during training as:

𝐿𝑜𝑠𝑠𝑗 = 𝜆𝐷,𝑗𝐿𝑜𝑠𝑠𝐷,𝑗 + 𝜆𝑃 ,𝑗𝐿𝑜𝑠𝑠𝑃 ,𝑗 , 𝑗 = 1, 2,… , 𝑟, (24)

where 𝐿𝑜𝑠𝑠𝐷,𝑗 and 𝐿𝑜𝑠𝑠𝑃 ,𝑗 represent the data matching loss and the
physical consistency loss, respectively. The 𝐿𝑜𝑠𝑠𝐷,𝑗 ensures high accu-
racy of the model on observed data, while the 𝐿𝑜𝑠𝑠𝑃 ,𝑗 incorporates
physical constraints of the system, enhancing the model’s adherence
to physical laws. The combination improves the model’s accuracy,
robustness, and generalization ability, ensuring that the model not only
predicts data accurately but also maintains physical plausibility.

The construction of the data matching loss function 𝐿𝑜𝑠𝑠𝐷 ensures
that the model can reconstruct the original system’s state and inputs
while maintaining the system’s linear behavior in the Koopman space
and accurately predicting future states. Therefore, for ∀

(

𝑡𝑘, 𝑡𝑘 + 𝛥𝑡
)

∈
𝑐𝑗 , 𝑗 = 1, 2,… , 𝑟, we formulate three types of cost functions:

1. After mapping the original space with network 𝜃1,𝑗 , to ensure
accuracy under the high-dimensional linear model composed of the
Koopman operator 𝐾𝑗 , it is necessary to restrict the prediction error
of the state and control inputs at future times in the high-dimensional
space. We introduce the linear mapping constraint loss function:

𝐿𝑜𝑠𝑠𝑟𝑒,𝑗 =
‖

‖

‖

‖

‖

‖

‖

𝐾𝑗
[

𝑥
(

𝑡𝑘
)𝑇 ,𝜃1,𝑗

(

𝜒
(

𝑡𝑘
))𝑇 ,𝑢

(

𝑡𝑘
)𝑇

]𝑇
−

[

𝑥
(

𝑡𝑘 + 𝛥𝑡
)𝑇 ,𝜃1,𝑗

(

𝜒
(

𝑡𝑘 + 𝛥𝑡
))𝑇 ,𝑢

(

𝑡𝑘 + 𝛥𝑡
)𝑇

]𝑇

‖

‖

‖

‖

‖

‖

‖

2

. (25)

2. At the current time 𝑡, to ensure that there is not too much
information loss under the mapping of the DNN, it is necessary to
restrict the reconstruction error of the original space state variables and
control inputs. We introduce the state and input reconstruction error
loss function:

‖

( ( ( ))) ( )

‖

2

𝐿𝑜𝑠𝑠𝑙𝑖,𝑗 = ‖

‖

𝜃2,𝑗 𝜃1,𝑗 𝜒 𝑡𝑘 − 𝜒 𝑡𝑘 ‖

‖

. (26)
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Fig. 2. Structure diagram of the basis functions and corresponding Koopman operator learned by PINN for the system (5).
3. In future state prediction, to enhance the stability of learning by
the deep neural network, it is essential to restrict the reconstruction
error of the original space state variables and control inputs. We
introduce the future state prediction error loss function:

𝐿𝑜𝑠𝑠𝑝𝑟,𝑗 =
‖

‖

‖

‖

‖

𝜃2,𝑗

(

𝐾𝑗

[

𝑥
(

𝑡𝑘
)𝑇 , 𝜃1,𝑗

(

𝜒
(

𝑡𝑘
))𝑇 , 𝑢

(

𝑡𝑘
)𝑇

]𝑇
|

|

|

|

𝑛𝑥+𝑛𝜑

𝑛𝑥+1

)

− 𝜒
(

𝑡𝑘 + 𝛥𝑡
)

‖

‖

‖

‖

‖

𝑇

,

(27)

where ∙ ||
|

𝑛𝑥+𝑛𝜑
𝑛𝑥+1

represents the column elements of the vector from the
(𝑛𝑥 + 1)-th to the (𝑛𝑥 + 𝑛𝜑)-th columns.

Combining the three data-related loss functions, 𝐿𝑜𝑠𝑠𝐷,𝑗 can be
expressed as:

𝐿𝑜𝑠𝑠𝐷,𝑗 = 𝜆𝑟𝑒,𝑗𝐿𝑜𝑠𝑠𝑟𝑒,𝑗 + 𝜆𝑙𝑖,𝑗𝐿𝑜𝑠𝑠𝑙𝑖,𝑗 + 𝜆𝑝𝑟,𝑗𝐿𝑜𝑠𝑠𝑝𝑟,𝑗 , (28)

where 𝜆𝑟𝑒,𝑗 , 𝜆𝑙𝑖,𝑗 and 𝜆𝑝𝑟,𝑗 are weight coefficients used to balance the
contributions of each component loss to the total loss.

The construction of the physics consistency loss function 𝐿𝑜𝑠𝑠𝑃 aims
to ensure that the model accurately reflects the physical behavior of
the fermentation process, thereby improving the modeling accuracy
and generalization ability of the model for the fermentation process.
Therefore, we need to devise a physics consistency loss function that
ensures the model’s dynamic consistency with the actual fermentation
process. Assuming that the physical information of the fermentation
process is described by the following form of ordinary differential
equations:
𝑑𝑥∗ (𝑡)
𝑑𝑡

= 𝑓 ∗ (𝑥 (𝑡) , 𝑢 (𝑡)) . (29)

The physics consistency loss function 𝐿𝑜𝑠𝑠𝑃 ,𝑗 can be defined as the
difference between the predicted derivatives by the model and the
dynamics equations:

𝐿𝑜𝑠𝑠𝑃 ,𝑗 =
1
𝑁𝑗

𝑁𝑗
∑

𝑖=0

‖

‖

‖

‖

‖

𝑥̂∗
(

𝑡𝑖 + 𝛥𝑡
)

− 𝑥̂∗
(

𝑡𝑖
)

𝛥𝑡
− 𝑓 ∗ (𝑥̂

(

𝑡𝑖
)

, 𝑢
(

𝑡𝑖
))

‖

‖

‖

‖

‖

2

,

𝑡 ∈ 𝑐𝑗 , 𝑗 = 1, 2,… , 𝑟, (30)

where 𝑁𝑗 = 𝑓𝑗
𝛥𝑡 is the number of samples, and 𝑡𝑖 represents the time

step.

4. Penicillin fermentation case study

The proposed multi-stage Koopman modeling method based on
PINN is applied to the penicillin production process, aiming to accu-
rately predict the dynamic behavior of the fermentation process. To
generate experimental data for establishing the multi-stage Koopman
5 
Table 1
Initial operating conditions for the process simulator.

Biomass concentration (𝑋0) 0.1 (g/L)
Penicillin concentration (𝑃0) 0 (g/L)
Substrate concentration (𝑆0) 55 (g/L)
Initial culture volume (𝑉0) 100 (L)
Feed flow rate (𝐹 ) 0.1728 (L/h)

model, this paper utilizes a process simulator described by Bajpai
et al. based on substrate inhibition kinetics [3,33]. The simulator is
represented by the following set of ordinary differential equations:

𝑑𝑋(𝑡)
𝑑𝑡

=
(

𝑢𝑋𝑆(𝑡)𝑋(𝑡)
𝐾𝑋𝑋(𝑡) + 𝑆(𝑡)

)

−
𝑋(𝑡)
𝑉 (𝑡)

𝑑𝑉 (𝑡)
𝑑𝑡

, (31)

𝑑𝑃 (𝑡)
𝑑𝑡

=
⎛

⎜

⎜

⎝

𝑢𝑃𝑆(𝑡)𝑋(𝑡)

𝐾𝑃 + 𝑆(𝑡) + 𝑆2(𝑡)
𝐾𝐼

⎞

⎟

⎟

⎠

−𝐾𝐻𝑃 (𝑡) −
𝑃 (𝑡)
𝑉 (𝑡)

𝑑𝑉 (𝑡)
𝑑𝑡

, (32)

𝑑𝑆(𝑡)
𝑑𝑡 = −

(

1
𝑌𝑋∕𝑆

𝑢𝑋𝑆(𝑡)𝑋(𝑡)
𝐾𝑋𝑋(𝑡)+𝑆(𝑡)

)

−

(

1
𝑌𝑃∕𝑆

𝑢𝑃 𝑆(𝑡)𝑋(𝑡)

𝐾𝑃 +𝑆(𝑡)+
𝑆2(𝑡)
𝐾𝐼

)

−𝑚𝑋𝑋(𝑡) + 𝐹𝑆𝑓
𝑉 (𝑡) − 𝑆(𝑡)

𝑉 (𝑡)
𝑑𝑉 (𝑡)
𝑑𝑡 ,

(33)

𝑑𝑉 (𝑡)
𝑑𝑡

= 𝐹 − 6.226 × 10−4𝑉 (𝑡), (34)

where 𝑋, 𝑃 , 𝑆 and 𝑉 are biomass concentration, penicillin concentra-
tion, substrate concentration and culture volume, respectively. 𝐾𝑋 and
𝐾𝑃 are the biomass and penicillin saturation constants, respectively.
𝐾𝐼 is the substrate inhibition constant of penicillin growth, 𝐾𝐻 is the
rate constant of penicillin hydrolysis. 𝑢𝑋 and 𝑢𝑃 are the biomass and
penicillin specific growth rates, respectively. 𝑌𝑋∕𝑆 and 𝑌𝑃∕𝑆 are the
biomass yield and penicillin yield per unit mass of substrate, respec-
tively. 𝑚𝑋 is the substrate maintenance coefficient, 𝐹 is the substrate
feeding rate, and 𝑆𝑓 is the feed substrate concentration. The initial
operating conditions and parameter values for the process simulator
are shown in Table 1 and Table 2.

The sampling time for the penicillin fermentation process is chosen
as 1 h. The batch time for production in the process simulator is
selected as 𝑡𝑓 = 192ℎ hours under the constraint condition 𝑉 ≤ 120𝐿 for
the reactor volume. Fig. 3 shows the dynamic variations of glucose con-
centration, biomass concentration, penicillin concentration, and culture
volume under the initial operating conditions given in Table 1. From
the trends in concentration changes, it can be observed that the peni-
cillin fermentation process undergoes the biomass growth phase and
penicillin synthesis phase within the production batch. Therefore, to
partition the growth stages using the algorithm described in Section 2,
set 𝑟 = 2, that is, clustering centers 𝑐 (𝑗 = 1, 2). The results of the growth
𝑗
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Fig. 3. Dynamic change curves of the Glucose concentration, Biomass concentration, Penicillin concentration, and Culture medium volume.
Table 2
Initial model parameter values for the process simulator.
𝑢𝑋 𝐾𝑋 𝑢𝑃 𝐾𝑃 𝐾𝐼 𝐾𝐻 𝑌𝑋∕𝑆 𝑌𝑃∕𝑆 𝑚𝑋 𝑆𝑓
0.092 0.15 0.005 0.0002 0.1 0.04 0.45 0.9 0.014 600
Fig. 4. Division of each growth stage of the penicillin fermentation process.
stage partitioning are shown in Fig. 4. The biomass growth phase spans
from 0–66 h, while the penicillin synthesis phase spans from 66–192 h.

To illustrate the impact of incorporating physical information on the
ability of data-driven models to capture the dynamic characteristics of
the fermentation process, this paper assumes that the dynamic charac-
teristics of biomass concentration changes in the penicillin fermentation
6 
process are known. Eq. (29) can be expressed as:

𝑑𝑥∗ (𝑡)
𝑑𝑡

=
(

𝑢𝑋𝑆 (𝑡)𝑋 (𝑡)
𝐾𝑋𝑋 (𝑡) + 𝑆 (𝑡)

)

−
𝑋 (𝑡)
𝑉 (𝑡)

𝑑𝑉 (𝑡)
𝑑𝑡

. (35)

Using the PINN-based multi-stage Koopman modeling method de-
scribed in Section 3, the penicillin fermentation process is modeled
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Table 3
The mean squared error.

Method MSE WCV

Glucose Penicillin Biomass Culture Culture

Koopman modeling (DNN) 98.28 4.44 17.74 12.06 YES
Koopman modeling (PINN) 97.36 0.90 16.53 5.01 NO
Multi-stage Koopman modeling (DNN) 323.71 1.60 67.92 0.44 NO
Multi-stage Koopman modeling (PINN) 54.60 0.09 12.40 2.06 NO

‘‘YES’’ indicates that the constraint is violated, while ‘‘NO’’ indicates that the constraint is not violated.
Fig. 5. Comparison between Koopman Modeling based on General DNN and Koopman Modeling based on PINN.
ased on the partitioning results of the growth stages. We use the sim-
lator to generate 100 batches of data within a 10% range of the initial
onditions listed in Table 1 to train the model. To comprehensively
valuate the advantages of introducing PINN and multi-stage methods
ver existing Koopman modeling based on general DNN research, we
esigned the following comparative experiments: Koopman modeling
ased on PINN by introducing PINN into Koopman modeling, multi-
tage Koopman modeling based on general DNN with the introduction
f the multi-stage approach, and multi-stage Koopman modeling based
n PINN by jointly introducing PINN and the multi-stage approach.
he fitting performance of the models established by each modeling
ethod is shown in Figs. 5 and 6. To more intuitively compare the
erformance of each model, we used two evaluation indicators: mean
quared error (MSE) and whether the constraint is violated (WCV). The
pecific results are presented in Table 3.

From Table 3, it is evident that the Koopman modeling based on
eneral DNN not only violates the volume constraint but also has
higher MSE. Incorporating process stage characteristics and physi-

al information during the modeling process can effectively prevent
onstraint violations and reduce modeling errors. By combining these
indings with the prediction results shown in Figs. 5 and 6, we can
rovide a detailed analysis of the effectiveness and advantages of the
our modeling methods. The prediction errors for each model are most
ronounced during the 20–70 h period when microbial growth is rapid,
hile the errors decrease after 70 h as microbial growth stabilizes.
pecifically, due to the excessive sensitivity of the DNN model to
nput changes and the instability during the optimization process, the
oopman modeling method based on general DNN shown in Fig. 5(a)
truggles to accurately describe the system’s physical behavior due
o the lack of physical constraints, leading to significant prediction
rrors and violations of volume constraints. In contrast, the Koopman
odeling method based on PINN shown in Fig. 5(b) improves the
odel’s physical consistency by incorporating knowledge of microbial

ermentation dynamics. The physical consistency enhances the overall
ccuracy of the model and prevents violations of process constraints.
7 
However, the single-stage model may not fully capture the complex
dynamic characteristics of the fermentation process, particularly dur-
ing the penicillin synthesis phase. The multi-stage Koopman modeling
method based on general DNN shown in Fig. 6(a) better captures the
dynamic characteristics of different growth stages by modeling each
stage of microbial fermentation separately, thereby avoiding violations
of process constraints. However, the DNN model in each stage still lacks
physical constraints, which can lead to overly sharp responses during
stage transitions, resulting in significant prediction errors, especially
during the penicillin synthesis phase. In contrast, the multi-stage Koop-
man modeling method based on PINN shown in Fig. 6(b) combines the
advantages of physical constraints and multi-stage modeling. By incor-
porating physics-informed neural networks at each stage, the method
effectively reduces prediction errors and more accurately simulates the
dynamic changes in the fermentation process, providing smoother and
more accurate predictions.

5. Conclusion

This paper proposes a multi-stage Koopman modeling method based
on PINN. The method enables the dynamic mapping of microbial
fermentation processes into high-dimensional linear space and the
separate modeling of characteristics specific to different microbial
growth stages. Specifically, we incorporate PINN into the approxima-
tion process of the Koopman operator for the first time to enhance
the model’s physical consistency and predictive performance. Results
from the penicillin fermentation case demonstrate significant improve-
ments achieved by our proposed method in modeling accuracy and
practicality. Our method offers new theoretical and methodological
support for the control and optimization of microbial fermentation
processes. Additionally, the proposed algorithm framework integrates
physical information with data-driven methods and demonstrates good
scalability. It can be applied to other fields as long as the relevant

field-specific physical information is incorporated.
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Fig. 6. Comparison between multi-stage Koopman modeling based on general DNN and multi-stage Koopman modeling based on PINN.
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